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Abstract
Recently Dikranjan and Giuli characterized S(n)-θ-closed spaces in terms of special covers and
filters. They also gave some interesting results and examples, as well as listing several open problems.
In this paper we give a partial solution to one of the questions they raised. We give conditions that
make an S(n)-θ-closed space Katetov S(n). Furthermore, we provide examples which answer three
of their questions in the general case. Ó 1999 Elsevier Science B.V. All rights reserved.
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1. Introduction
Velichko [9] introduced the concept of θ -closedness, and it has been used by
many authors for the study of Hausdorff nonregular spaces, for example, Hamlett [3],
Jankovic [5] and Porter and Votow [6]. Dikranjan and Giuli [1] introduced an operator of
θn-closure, developed the theory of S(n)-spaces, S(n)-closed and S(n)-θ -closed spaces.
In their paper six open problems are raised. In Section 2, we define quasi-minimal S(n)-
spaces and n-jump points, and we obtain two main results. For a semiregular space
X, we show that X is minimal S(n) if and only if every almost S(n)-filter has an
adherent point or there is no n-jump point in X. Secondly we prove that an S(n)-θ -closed
space is Katetov S(n) provided that in X there exist only finitely many n-jump points
and filters are uniformly S(n)-separated at each n-jump point. Section 3 describes two
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examples which provide negative answers to three of the questions raised by Dikranjan
and Giuli [1].
For undefined notions and related theorems, we refer readers to [1].
2. Minimality of S(n)-θ -closed spaces
Definition 2.1. A topological spaceX is called quasi-minimal S(n) provided that any open
S(n)-filter with unique adherent point is convergent. A quasi-minimal S(n) space X is
called trivial if there is no open S(n)-filter with a unique adherent point in X, otherwise it
is nontrivial.
Theorem 2.2. Any nontrivial quasi-minimal S(n)-space X is quasi-S(n)-closed.
Proof. For the “standard proof”, we refer readers to 3.1(c) of [6]. 2
Corollary 2.3. A minimal S(n)-space is S(n)-closed.
Definition 2.4. A point p is called an n-jump point provided that there is an open filter F
such that adF = ∅, adθn F = {p}. The open filter F is called an n-jump filter (n > 1).
Remark 2.5. A space (X, τ) is an S(n)-space if and only if for any p ∈X, adθn Np = {p},
where Np is the neighbourhood filter at the point p.
Theorem 2.6. For n ∈ N, a space X is minimal S(n) if and only if X is a semiregular
S(n)-closed space and there is no n-jump point in X.
Proof. Necessity. Let F be an open filter, with an n-jump point p. Then adF = ∅, and
adθn F = {p}. Now τ ′ = {U ∈ τ : p ∈U implies U ∈F} is a topology on X.
In (X, τ ′) we have that adθn Nx = {x} for any x , and thus (X, τ ′) is an S(n)-space. It
is clear that τ ′ is strictly coarser than τ . This contradicts the fact that (X, τ) is a minimal
S(n)-space.
Sufficiency. We only need show that any open S(n) filter F with unique adherent point
p is convergent.
Suppose that adF = {p}, but F does not converge. Then there is a regular open
neighbourhood Up of p such that F\Up 6= ∅, for any F ∈F . We see that F\ cl(Up) 6= ∅,
otherwise F ⊂ clUp, F = intF ⊂ cl(intUp) = Up . Let G be an open filter generated
by {F\ cl(Up) = F ∈ F}, then adθn G ⊂ adθ F = {p}, while adG = ∅, since Up ∩
(F\ cl(Up))= ∅ for any F ∈F . By S(n)-closedness of X we know that adθn G 6= ∅, hence
adθn G = {p}. This contradicts the fact that there is no n-jump point in X. 2
Corollary 2.7. For a semiregular S(n)-θ -closed X, X is minimal S(n) if and only if there
is no n-jump point in X.
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Remark 2.8. Semiregularity is essential in Theorem 2.6. There is an example of an S(n)-
θ -closed space, which is not a minimal S(n). Let
X = {(0,0)} ∪
⋃{{m−1} × [0,m−1]; m ∈N+}.
(X, τ) has the subspace topology, τ ′ is the coarsest topology which is finer than τ and
contains F = {(m−1,0), m ∈ N+} as a discrete subset. Then (X, τ ′) is an H -closed
Urysohn, non-semiregular, S(n)-θ -closed space, but is not a minimal S(n)-space for any
n > 1.
Remark 2.9. From the proof of Theorem 2.6, we see that if there are finitely many n-
jump filters in the S(n)-closed space (X, τ), it is possible to construct a topology τ ′ strictly
coarser than τ , such that (X, τ ′) is an S(n)-space.
We need a new definition to get the machinery required to eliminate an n-jump point,
but preserve S(n)-ness.
Definition 2.10. Filters F and G are called S(n)-separated provided there are F ∈F , and
G ∈ G such that F and G are S(n)-separated.
Definition 2.11. A space (X, τ) is called uniformly S(n)-separated at an n-jump point p
if for any family of open filters {Fα: α ∈ Λ} with p as an n-jump point, any filter F ,
S(n)-separated from each Fα , is S(n)-separated from
⋂{Fα: α ∈Λ}.
Theorem 2.12. Suppose that (X, τ) is an S(n)-space, and uniformly S(n)-separated at an
n-jump point p. Then there is a topology τ ′, strictly coarser than τ , such that (X, τ ′) is an
S(n)-space and p is not an n-jump point in (X, τ ′).
Proof. Let {Fα: α ∈Λ} be the family of all open filters with p as an n-jump point. Define
τ ′ as follows:
For x 6= p, x has the same neighborhoods in τ ′ as in τ .
For x = p, a τ ′ neighbourhood is of form V ∪ F , where V is a τ neighbourhood of x
and F ∈⋂{Fα: α ∈Λ}.
It is clear that p is not a n-jump point in (X, τ) and τ ′ is a topology strictly coarser
than τ .
To prove that (X, τ ′) is an S(n)-space, it is enough to show that adθn{⋂Fα} = adθn{V ∩
F : V is a τ neighbourhood of x and F ∈⋂Fα} = {p}. It is clear that adθn{⋂Fα} ⊃ {p}.
If y 6= p, then the neighbourhood filter of y , both in τ and τ ′, is S(n)-separated from each
Fα , therefore S(n)-separated from
⋂Fα . Hence y /∈ adθn⋂Fα . This shows that (X, τ ′)
is an S(n)-space. 2
Corollary 2.13. Suppose that (X, τ) is an S(n)-θ -closed space with only finitely many
n-jump points, and uniformly S(n)-separated at each n-jump point. Then (X, τ) is a
Katetov S(n)-space.
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3. Two examples
Example 3.1. Define Tk = {k} × ((ω1 + 1)× (ω+ 1)\{ω1,ω}) where k = 1,2,3, . . . and
each Tk is a copy of the deleted Tychonoff plank. Recall that ω + 1, ω1 + 1 are compact,
Hausdorff spaces.
For m> 3, let Y ′m =
⋃{Tk | 16 k 6m}/∼, where
(k,ω1, s)∼ (k + 1,ω1, s) for k odd,
(k,α,ω)∼ (k + 1, α,ω) for k even.
We paste each Tychonoff plank along its shorter side for odd k, but along its longer side
for even k.
Let q be the quotient map.
Let Wαβ = q({(1, x, y) | 16 16m, α < x 6 ω1, β < y 6 ω}).
Add a point a to Y ′m to get Ym as follows.
Let Ym = Y ′m ∪ {a}. A set W is open in Ym when W ∩ Y ′m is open in Y ′m, and if a ∈W
then W is open in Ym when q({1}×ω×ω1)∩Wαβ ⊂W for α < ω1, β < ω.
We paste countably many copies of Ym to get X′m.
LetX′m = (ω+ 1)×Ym/∼ where ω+ 1 has the order topology, and (g, a)∼ (h, a), and
(g,1, x, y)∼ (h,1, x, y) for x 6 ω1, y 6 ω, and g,h= 1,2, . . . ,ω.
Fix n ∈N. Let Xn =X′n−1 ∪ Tn ∪ Tn+1 ∪ {b}/∼ where
(i) for n odd, α < ω1, and s < ω, (w,n − 1, α,ω) ∼ (n,α,ω) and (n,ω1, s) ∼ (n +
1,ω1, s), and
(ii) for n even, s < ω, and α < ω1, (w,n − 1,ω1, s) ∼ (n,ω1, s) and (n,α,ω) ∼
(n+ 1, α,ω).
An open set W in Xn satisfies
(1) W ∩X′n−1 is open in X′n−1,
(2) W ∩ Tn is open in Tn,
(3) W ∩ Tn+1 is open in Tn+1,
(4) if b ∈W , then q({n+ 1} ×ω×ω1)∩Wαβ ⊂W for α < ω1, β < ω.
Then Xn with the topology τ has the following properties:
(1) Xn is an S(n)-space.
For points a and b are S(n)-separated, but not S(n + 1)-separated, while all the other
points are S(m)-separated for any m ∈N .
(2) The only n-jump point is a.
For any open filter F , if adF = ∅, then a ∈ adθn F ⊂ {a, b}.
If G = {Fxy | Fxy = {1} × {n− 1} × (x,ω1)× (y,ω), x < ω1, y < ω}, then adG = ∅,
but adθn G = {a}. This shows that a is the only n-jump point.
(3) Xn is S(n)-θ -closed.
For any maximal closed filter F with adF = ∅, if for every F ∈F , F ∩X′n−1 6= ∅, then
a ∈ adθn−1 F . If there is an F ∈F such that F ∩X′n−1 = ∅ then b ∈ adθn−1 F .
(4) (Xn, τ ) is not Katetov S(n).
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To prove this we show that if τ ′ < τ and τ ′ is minimal S(n), then a and b are not S(n)-
separated.
Claim 1. Let X=Xn\{a, b}, then τ ′|X = τ |X.
Since τ ′ < τ , it is clear that τ ′|X⊂ τ |X.
To show that τ |X ⊂ τ ′|X, note that (X, τ) is regular and locally compact. For any
O ∈ τ |X and x ∈ O , there exists a τ -open V such that x ∈ V ∈ clτ V ⊂ O with clτ V
compact. Now Xn\V is S(n)-closed in (Xn, τ ), hence is also S(n)-closed in (Xn, τ ′).
Thus X\V is closed in (Xn, τ ′) so that V ∈ τ ′. ThereforeO ∈ τ ′|X.
Claim 2. Any open neighbourhood O of b in (Xn, τ ) is also a neighbourhood of b in
(Xn, τ
′).
Suppose not. We may assume that O is regularly open in (Xn, τ ), since (Xn, τ ) is semi-
regular.
For any open neighbourhoodU of b in (Xn, τ ′), we have U\ clτ O 6= ∅. Otherwise U ⊂
clτ O , and U = intτ U ⊂ intτ clτ O =O , which contradicts that O is not a neighbourhood
of b in (Xn, τ ′).
Let B = {U\(clτ O ∪ {a}) |U is an open neighbourhood of b in (Xn, τ ′)}. Then B is an
open filter in (X, τ). It is also an open filter in (X, τ ′) by Claim 1.
Since (Xn, τ ′) is an S(n)-space, there exists an open neighbourhood U of b in (Xn, τ ′)
such that a and U are S(n)-separated. Therefore a /∈ adθnτ ′ B. Now (X, τ ′|X) is regular
and locally compact, so for any x ∈ X, x /∈ adθnτ ′ B. Since (Xn, τ ′) is S(n)-θ -closed, we
have adθnτ ′ B 6= ∅, so that adθnτ ′ B = {b}. Since no point of (Xn, τ ′) is an n-jump point
by Theorem 2.6, it follows that adτ ′ B 6= ∅. Since adτ ′ B ⊆ adθnτ ′ B ⊆ {b}, it follows that
adτ ′ B = {b}. Also as ∅ 6= adθnτ B ⊆ adθnτ ′ B = {b}, adθnτ B = {b}. But the only n-jump
point in (Xn, τ ) is a, so adτ B 6= ∅. However, as adτ B ⊆ adτ ′ B = {b}, adτ B = {b}. For
any F ∈ B, and any τ -open set V containing b, we have that V ∩ F 6= ∅. Now O is a
τ -open set containing b, and F is of the form U\(clτ O ∪ {a}). Therefore, O ∩ F = ∅, a
contradiction.
Claim 3. If F is a τ -open filter such that adτ F = ∅ and adθnτ F = {a}, then adτ ′ F =
adθnτ ′ F = {a}.
Since (Xn, τ ′) is minimal S(n), by 2.1 in [1], adθnτ ′ F 6= ∅. By Claims 1 and 2,
adθnτ ′ F = {a}. By Theorem 2.6, adτ ′ F = {a}.
For k ∈ N, consider the open filter base Gk = {{k} × {n − 1} × (x,ω1) × (y,ω): x <
ω1, y < ω} and note that adθnτ Gk = {a} and adτ Gk = ∅. By Claim 3, adθnτ ′ Gk =
adτ ′ Gk = {a}. By 3.1(b) in [6], Gk τ ′-converges to a. Since a and b are S(n)-separated in
(Xn, τ
′), then there are open sets O1,O2, . . . ,On ∈ τ ′ such that b ∈O1 ⊆ clτ ′O1 ⊆O2 ⊆
clτ ′O2 ⊆ · · · ⊆On and a /∈ clτ ′On. By Claim 2, we can assume that O1,O2, . . . ,On ∈ τ .
As clτ Oi ⊆ clτ ′ Oi for i = 1,2, . . . , n, we have that clτ Oi ⊆Oi+1 for i = 1, . . . , n− 1. In
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particular, O3 meets Gk for some k. As Gk τ ′-converges to a, we have that a ∈ clτ ′O3, a
contradiction.
Thus (Xn, τ ) is not a Katetov S(n) space.
Remark 3.2. The S(n)-θ -closed space in Example 3.1 which is not Kateˇtov S(n) solves
Problem 1 of Dikranjan and Giuli [1] in the negative.
Example 3.3. Let ω1 have the order topology. For each α ∈ ω1 we insert Iα = (0,1)α
between α and α+1. Denote this set byL and letL have the order topology. We now define
a spaceX which is a finer topology on the well-known “Long segment”. LetX = L∪{ω1}.
Define τ1 on X as follows:
if ω1 /∈ U , then U is τ1-open if U ∩L is open in L,
if ω1 ∈ U , then U is τ1-open if there exists α ∈ ω1 such that⋃
β>α
(β,β + 1)⊂U.
Define τ2 on X to be the cocountable topology.
Let τ be the coarsest topology generated by τ1 ∪ τ2.
(X, τ) has the following properties.
(1) {U\A | U ∈ τ1, |A| 6 ω} is a base for (X, τ). Note that clτ (U\A) = clτ1 U for
U ∈ τ1, |A|6 ω.
(2) (X, τ) is an S(n)-space for any n ∈N .
(3) (X, τ) is H -closed but not semiregular.
(4) ω1 is a closed discrete subspace of X.
Let (Y,σ )= Y3 as in Example 4.1 of Dikranjan and Giuli [1]. Then (Y,σ ) is
(1) semiregular,
(2) an S(2)-space but not an S(3)-space,
(3) S(2)-θ -closed,
(4) not H -closed.
We claim that X× Y is not S(2)-θ -closed.
To prove this claim, let f :ω1 → Y be a one-to-one function such that f [ω1] =
{(2, α,n): α < ω1, n < ω}. We prove the graph of f , gr(f ), is closed in X× Y . It suffices
to show that gr(f ) is closed in the closed subset ω1 × Y of X × Y . But f :ω1→ Y is
continuous since ω1 has the discrete topology. So, gr(f ) is closed in ω1 × Y . Likewise
for any A ⊆ ω1, gr(f |A) is closed in X × Y ; in particular, for β < ω1 and m < ω,
Bβm = {(α,f (α)), piX(f (α)) > β and piY (f (α)) > m} (where piX :X × Y → X and
piY :X × Y → Y are the projection maps) is closed in X × Y . If F is the closed filter
generated by {Bβm: β < ω1, m < ω}, it is straightforward to show that adθ (F)= ∅. This
completes the proof that X× Y is not S(2)-θ -closed.
Remark 3.4. By Example 3.3 there exists an H -closed space X and an S(2)-θ -closed
space Y such that X × Y is not S(2)-θ -closed; this solves Problem 4 in [1] in the
negative.
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Remark 3.5. Let Zs denote the semiregularization of a space Z (see [1] and [7] for
additional information). Using the spaces (X, τ) and (Y,σ ) described in Example 3.3,
X×Y is not S(2)-θ -closed. However,Xs is compact, (X×Y )s =Xs×Ys by 2G(4) in [7],
and Ys = Y as Y is semiregular. So, (X× Y )s =Xs × Y is S(2)-θ -closed by Example 3.3
in [1]. This resolves Problem 2 in [1] in the negative.
Acknowledgement
The authors wish to thank the referee for several valuable suggestions.
References
[1] D. Dikranjan and E. Giuli, S(n)-θ -closed spaces, Topology Appl. 28 (1988) 59–74.
[2] A. Dow and J. Porter, Embedding in R-closed spaces, Topology Appl. 28 (1988) 45–58.
[3] T. Hamlett, H -closed spaces and the associated-convergence space, Math. Chronicle 8 (1979)
83–88.
[4] L. Herrington, Properties of nearly compact space, Proc. Amer. Math. Soc. 45 (1974) 435–439.
[5] D. Jankovic, On some separation axioms and θ -closure, Mat. Vesnik 4 (17) (1980) 439–449.
[6] J. Porter and C. Votow, S(α) spaces and regular Hausdorff extensions, Pacific J. Math. 45 (1973)
327–345.
[7] J. Porter and R. Woods, Extension and Absolutes of Hausdorff Spaces (Springer, New York,
1987).
[8] L. Stramaccia, S(n)-spaces and H -sets, Comm. Math. Univ. Carolin. 29 (1988) 221–226.
[9] H. Velichko,H -closed topological spaces, Mat. Sb. (N.S.) 70 (112) (1966) 98–112; Amer. Math.
Soc. Transl. 78 (1969) 103–118.
